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Primordial non-Gaussianity in the bispectra of large-scale structure
Gianmassimo Tasinato, Matteo Tellarini, Ashley J. Ross, and David Wands∗
Institute of Cosmology & Gravitation, University of Portsmouth,
Dennis Sciama Building, Portsmouth, PO1 3FX, United Kingdom
The statistics of large-scale structure in the Universe can be used to probe non-Gaussianity of
the primordial density field, complementary to existing constraints from the cosmic microwave
background. In particular, the scale dependence of halo bias, which affects the halo distribution
at large scales, represents a promising tool for analyzing primordial non-Gaussianity of local form.
Future observations, for example, may be able to constrain the trispectrum parameter gNL that
is difficult to study and constrain using the CMB alone. We investigate how galaxy and matter
bispectra can distinguish between the two non-Gaussian parameters fNL and gNL, whose effects give
nearly degenerate contributions to the power spectra. We use a generalization of the univariate bias
approach, making the hypothesis that the number density of halos forming at a given position is
a function of the local matter density contrast and of its local higher-order statistics. Using this
approach, we calculate the halo-matter bispectra and analyze their properties. We determine a
connection between the sign of the halo bispectrum on large scales and the parameter gNL. We
also construct a combination of halo and matter bispectra that is sensitive to fNL, with little
contamination from gNL. We study both the case of single and multiple sources to the primordial
gravitational potential, discussing how to extend the concept of stochastic halo bias to the case of
bispectra. We use a specific halo mass-function to calculate numerically the bispectra in appropriate
squeezed limits, confirming our theoretical findings.
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2I. INTRODUCTION
The intrinsic non-Gaussianity of primordial curvature perturbations is a valuable tool to distinguish among different
models for the origin of structure in the very early universe [1]. Even if the primordial curvature perturbation has a
Gaussian distribution, the initial density perturbation is non-Gaussian due to the non-linearity of the Einstein field
equations [2–4]. Non-Gaussianity (nG) may be characterized by a variety of different parameters, which control the
departure of the underlying probability distribution function (pdf) of primordial fluctuations from a purely Gaussian
distribution. These parameters can be related to the amplitude of connected n-point (n-pt) correlation functions of
primordial curvature fluctuations that vanish for n > 2 in the Gaussian case. The connected n-pt functions may be
scale- and shape-dependent, in a manner determined by the particular model that generates them.
In this work, we will focus on the so-called local shape of nG, in which the primordial gravitational potential in
coordinate space can be expressed as an expansion in powers of one or more Gaussian random fields that determine the
primordial density fluctuations. In this case 3-pt functions of curvature fluctuations are determined by a parameter,
fNL, that at lowest order in a perturbative expansion characterizes the skewness of the pdf of primordial fluctuations.
4pt functions are determined by parameters, gNL and τNL, controlling the kurtosis of the pdf at lowest order in
perturbations. The recent release of Planck data allows one to set the best constraints yet on primordial non-Gaussian
parameters from cosmic microwave background (CMB) data alone [5]. The quantity fNL (local) is now constrained
to be |fNL| ≤ 15 at 2σ level, while τNL ≤ 2800; an analysis of the constraints on gNL local from Planck data has yet
to be completed, but the forecast 1σ error bar with Planck data has been estimated to be σgNL = 6.7× 10
4 by [6] and
σgNL = 1.3×10
5 by [7]. It may be unlikely that we live in a universe with a large hierarchy between fNL and gNL local
[8], but this possibility cannot be excluded a priori and there are theoretical models able to predict this pattern (see
for example [9] or the discussion in [10]). Since fNL and gNL control distinct features of the pdf (skewness and kurtosis)
it is very important to have the best observational constraints on each of them. Complementary observables have to
be considered to set more stringent bounds on non-Gaussian parameters, in particular on gNL, and one possibility is
to use the statistics of large-scale structure.
Pioneering papers by Dalal et al [11], Slosar et al [12], Matarrese et al [13], Afshordi and Tolley [14] highlighted
an interesting feature of primordial nG of local shape: it introduces a specific correlation between modes of different
wavelengths which leads to a characteristic scale dependence of the halo bias. Much work has been done so far
to explore this interesting topic (see [15–18] and [19, 20] for reviews). However it turns out to be challenging to
disentangle the contributions from different non-Gaussian parameters using only halo and matter power spectra, since
the characteristic scale dependence of the bias is primarily sensitive to a particular combination of the fNL and gNL
parameters [21, 22]. Mild corrections associated with the red-shift dependence of the halo mass function have been
used to set the first LSS constraints on gNL in [23], but it is difficult to convincingly distinguish the effect of fNL
from that of gNL using only galaxy power spectra. Independent constraints on fNL from CMB are useful, but not
conclusive because fNL could be characterized by a significant scale dependence [24, 25], that makes its value probed
at LSS scales different with respect to the one tested at CMB scales.
A promising method that may break the degeneracy between fNL and gNL is to study the bispectra of halo and
matter densities, which are sensitive to a non-linear bias parameter that depends specifically on gNL, and allows us
to break the aforementioned degeneracy. Jeong and Komatsu [26] (see also [27]) were the first among various groups
to include the scale dependence of halo bias when studying bispectra, by considering the non-linear evolution of the
halo overdensity in a local, univariate bias expansion, where the halo abundance is taken to be a function of the local
density. They have shown that galaxy bispectra are sensitive to non-Gaussian parameters beyond fNL, as confirmed by
N -body simulations [28, 29]. In this work, we elaborate on this subject. We will show that halo and matter bispectra
have interesting qualitative features that may allow us to distinguish between the effects of different primordial nG
parameters.
We implement a peak-background split method within a barrier crossing approach to re-derive in part the results
of [26] in a physically transparent way, and to extend their analysis in various directions with the main aim of
understanding how the parameters fNL and gNL can be possibly distinguished when analyzing the statistics of halo
and matter bispectra.
In order to focus only on the consequences of primordial non-Gaussian initial conditions on the properties of
bispectra, we will not include the effects of non-linear gravitational clustering in our analysis; that is, we work in
Lagrangian space and linearly transform to Eulerian space. We also neglect non-linearity in the halo mass function,
i.e., non-linear local bias, which implies that any non-vanishing bispectra will be solely due to primordial nG.
Our work contains several results, and we present these in a modular way to render the paper easier to read.
We begin with some theoretical sections discussing how to implement the peak-background split and barrier crossing
approaches to determine concise analytical expressions for halo and matter bispectra, when the gravitational potential
3is a function of either single or multiple sources (e.g., due to fluctuations of single or multiple fields during inflation in
the very early universe). Our formulae are obtained by applying to bispectra the methods developed in [30] for power
spectra. See also [31] for an interesting paper discussing how to implement the peak background splitting approach
to bispectra.
We use a generalization of the univariate bias approach, making the hypothesis that the local number of halos
forming at a given position is a function of the matter contrast, and of its local correlation functions evaluated at
that position. This is an alternative to the bivariate approach [32] where the halo abundance is assumed to be a
function of both the density field and the gravitational potential. In practice, the physical effect of long-wavelength
modes of the potential is to modulate the small-scale variance of the density field in local models of nG. Our extended
univariate approach is physically transparent, and allows us to recover some of the results of the bivariate approach,
in appropriate limits. In addition we can include local variations of effective non-Gaussianity parameters on halo
abundance [33]. The resulting bispectra contain several contributions scaling with different powers of the scale k,
weighted by coefficients depending on primordial non-Gaussian parameters. In the limit of large scales, in which
analytic expressions for the transfer functions can be derived, we will discuss how bispectra have qualitative features
that make it possible, at least in principle, to distinguish the effects of fNL and gNL. For example, by studying
the properties of the bispectra as a function of the scale, we determine a connection between the sign of the halo
bispectrum and nG parameters, in particular the value of gNL. Moreover, we show that there exists a combination of
halo and matter bispectra that is sensitive to fNL only, allowing us to probe fNL without contaminations from gNL.
We then extend all these results, obtained in the case of a single source for the primordial gravitational potential,
to a two-field example that allows us to understand how multiple sources contribute to galaxy bispectra. In [30, 34]
it was pointed out that if multiple fields source the primordial gravitational potential, then halo overdensities need
not be fully correlated with matter overdensities. We show that a combination of halo and matter power spectra is
particularly convenient for studying the phenomenon of stochastic halo bias. Our analysis enable us to extend the
concept of stochastic halo bias in the presence of primordial nG to the cases of both power spectra and bispectra,
including the effect of gNL. The fact that this stochastic bias is non-vanishing can be interpreted in terms of inequalities
satisfied by primordial non-Gaussian parameters, and these provide information on the number of fundamental fields
sourcing nG. We determine a new combination of halo and matter bispectra whose value can be used to distinguish the
effect of single and multiple sources on the primordial gravitational potential, and discuss its physical interpretation.
In the second part of our work, we apply our theoretical findings to a systematic numerical analysis of bispectra in
appropriate squeezed limits, by using Press-Schechter halo mass functions supplemented by non-Gaussian corrections
controlled by an Edgeworth expansion. This discussion enables us to apply our results to scales and redshifts that
can be probed in present or future surveys. By plotting the resulting halo bispectra, we explore the different roles
played by fNL and gNL. The numerical analysis confirms our analytical results. We show that qualitative features of
the profiles of halo and matter bispectra as a function of the scale are sensitive to different nG parameters, possibly
allowing us to test them individually. These results clearly demonstrate how galaxy bispectra have features that
could distinguish between different non-Gaussian parameters, in a way that is not possible by studying only the scale
dependence of galaxy bias in power spectra of halos and matter.
We conclude with a discussion on possible improvements and future directions for our investigation.
II. THE STATISTICS OF DARK MATTER HALOS
We start with an introductory section outlining the ideas that we will use to treat the statistics of dark matter
halos [30]. The primordial gravitational potential Φ is related to the linearly evolved matter density contrast δ in
terms of the Poisson equation in Fourier space
δ~k(z) = α¯(k, z)Φ~k , (1)
where
α¯(k, z) =
2 k2 T (k)D(z)
3ΩmH20
. (2)
T (k) is the matter transfer function normalized such that T (k)→ 1 at large scales k → 0. D(z) is the linear growth
factor, as a function of redshift z. It is normalized such that D(z) = (1 + z)−1 in matter domination. At very large
scales k≪ 1, the function α¯ is proportional to k2 [35]:
α¯(k, z) ≃
2k2D(z)
3ΩmH20
= α0(z)k
2 where α0(z) ≃ 2.16 · 10
7
(
0.277D(z)
Ωm
) (
Mpc
h
)2
. (3)
4This asymptotic behavior will be useful to get analytic results in the discussion of Section III B 1. To render the
formulae less cumbersome, from now on we will suppress the z dependence.
The field δM (~x) denotes the linear density contrast smoothed with a top-hat filter of radius RM = (3M/4πρ¯m)
1/3
where M is the halo mass, and ρ¯m the background matter density. In Fourier space, we write
δM (~k) = WM (k) δ~k (4)
with WM the Fourier transform of top-hat filter:
WM (k) = 3
sin (kRM )− kRM cos (kRM )
(k RM )
3 . (5)
We also define σM ≡ 〈δ
2
M 〉
1
2 and α(k) = WM (k)α¯(k). At large scales WM (k → 0) = 1.
In what follows, we will investigate the statistical properties of the spatial distribution of galaxies. In the widely
accepted model of galaxy formation, known as the halo model, galaxies form in the potential wells of gravitationally
collapsed dark matter halos [36]. The distribution of galaxies naturally follow the distribution of halos. There are
various approaches to characterize their formation, and how they are distributed in space. In the barrier crossing
approach, initiated by Press and Schechter [37], halos are thought to form when the matter linear overdensity field
overcomes a certain threshold δc. We denote the number of halos of mass M at time t by nh(~x,M, t): the Press-
Schechter mass function gives the mean number density nh of halos as a function of the properties of the underlying
linear matter overdensity field δM . In the following, we will drop the dependence on M and t (or z) to simplify the
notation.
In our work, we assume that nh(~x) depends on local physics only, i.e. it is a local function of δ(~x) and of its n-pt
correlation functions
[δn]v (~x) ≡
∫
ki≥ℓ−1
d3k1
(2π)3
. . .
d3kn
(2π)3
e−i(
~k1+···+~kn) ~x 〈δ~k1 . . . δ~kn〉
evaluated within a region v ∼ ℓ3 around the position ~x (see Section III for an additional discussion on this assumption):
nh(~x) = n¯h(δ(~x), [δ
n]v (~x)) . (6)
The autocorrelations [δn]v depend on the primordial intrinsic nG of the fundamental fields that seed the gravitational
potential Φ. By measuring how the statistics of the halo displacement
δh = (nh − 〈nh〉)/〈nh〉
is related to the statistics of the matter density displacement δ, one can extract information about primordial nG.
The local statistics of the autocorrelations [δn]v can be calculated using a heuristic but powerful method, the so
called peak-background split approach [38, 39]. Consider a large subvolume v ∼ ℓ3 of the universe containing a large
number of halos. Take for concreteness a fiducial scale ℓ, say ℓ ∼ 10Mpc/h, still much larger than the scale associated
with halos of mass M . The linearized matter overdensity field δ(~x) can be decomposed into a short wavelength part
δshort and a long wavelength background δlong with respect to the scale ℓ:
δ(t, ~x) = δshort(t, ~x) + δlong(t, ~x) (7)
where the short and long wavelength contributions to δ(t, ~x) are defined as
δshort(t, ~x) =
∫
k≥ℓ−1
d3k
(2π)3
e−i
~k~xδ~k(t) (8)
δlong(t, ~x) =
∫
k≪ℓ−1
d3k
(2π)3
e−i
~k~xδ~k(t) . (9)
The short mode δshort at scales ≤ 10Mpc/h can be considered as the source of halos within the subvolume v we
are focussing on. As we mentioned above, locally nh depends on the quantity δshort within the subvolume v, and
on its correlation functions [δnshort]v evaluated on the same subvolume. Instead, distances larger than 100Mpc/h,
associated with long mode δlong, are the scales over which we measure the statistics of halo displacements δh. Within
the subvolume v, δlong acts as a smooth background density field in the linear regime. As we will discuss in the next
5sections, in the presence of primordial nG, δlong has the important feature to modulate in a specific way the correlation
functions [δnshort]v controlling the halo displacement δh. This implies that primordial nG of the gravitational potential
controls the statistics of δh in such a way that it makes possible to extract from the latter unambiguous information
on the former.
Hence, the barrier crossing approach and the peak-background split method allow us to analyze how primordial nG
affects the statistics of LSS. The connections between the two methods have been carefully discussed in [30, 40]: the
statistics of δlong has the effect to perturb the critical threshold that the linear part of δshort has to reach to start to
collapse, and it is this effect that renders the barrier crossing approach sensitive to primordial nG.
In the next sections, we will develop and apply these ideas to find quantitative results for the statistics of halo and
matter displacements, both at the level of power spectrum and bispectrum, for single and multiple sources.
III. THE POWER SPECTRUM AND THE BISPECTRUM: THE SINGLE SOURCE CASE
We start analyzing the case of single source, extending to the case of the bispectrum the results of [30]. We consider
a large subvolume of the Universe containing many halos, over which the long mode is reasonably constant, and we
denote with [·]v a spatial average over this subvolume – while 〈·〉 is the spatial average over the entire universe. In
this section we consider a single Gaussian field ϕ as an unique source for the primordial gravitational potential. We
split such a field in long and short modes with respect to a fiducial scale ℓ:
ϕ = ϕs + ϕL . (10)
This Gaussian field has zero average over the entire space 〈. . . 〉, while non-zero average over the subvolume [. . . ]v,
with v ∼ ℓ3:
〈ϕ〉 = 0 , (11)
[ϕ]v = ϕL . (12)
We make a local expansion of the primordial gravitational potential up to third order in terms of the Gaussian field
ϕ:
Φ = ϕ+ fNL
(
ϕ2 − 〈ϕ2〉
)
+ gNL
(
ϕ3 − 3〈ϕ2〉ϕ
)
. (13)
After implementing the long/short splitting we introduced in eq. (10), we get in coordinate space
Φ = ϕL + fNL
(
ϕ2L − 〈ϕ
2
L〉
)
+ gNL
(
ϕ3L − 3〈ϕ
2
L〉ϕL
)
+
(
1 + 2fNLϕL + 3gNL(ϕ
2
L − 〈ϕ
2
L〉)
)
ϕs
+(fNL + 3gNLϕL)
(
ϕ2s − [ϕ
2
s]v
)
+gNL
(
ϕ3s − 3[ϕ
2
s]ϕs
)
. (14)
The previous expression demonstrates how the long wavelength mode modulates the gravitational potential. The
coefficients of the different powers of ϕs, which control the statistics of this quantity within the subvolume v, receive
contributions depending on the long mode ϕL, and this acts as a background quantity from the point of view of the
subvolume v. In light of this, we can define the small scale effective power σe =
[
Φ2
]1/2
v
, feNL and g
e
NL as
(σe) =
[
ϕ2s
]1/2
v
(
1 + 2fNLϕL + 3gNL(ϕ
2
L − 〈ϕ
2
L〉)
)
, (15)
feNL = fNL + 3gNLϕL , (16)
geNL = gNL , (17)
so we learn that long wavelength modes and primordial nG affect the two point statistics of the short modes, as well
as the non-Gaussian parameters inside the small box. The long mode dependence of eqs (15)-(17) will be used to
estimate the number of halos at a given position.
There are various approaches to the problem of quantifying how long modes contribute to the process of halo
formation. The conceptually simplest one is to use an univariate approach, in which the number of halos is expressed
in power series of δ, the matter density contrast. An univariate approach is used by Jeong and Komatsu [26]. This
method includes the effects of the long mode ϕL of the field sourcing the gravitational potential in the halo distribution,
as much as ϕL modulates δ. A physical issue with this approach is that, strictly speaking, the number of halos does
6not depend only on the local value of the matter density contrast at a given position ~x. Indeed, it also depends on
how the matter density contrast is distributed around ~x – that is, on its correlation functions evaluated at ~x. In the
presence of local nG, these correlation functions are affected by the long mode ϕL of the primordial field that sources
the gravitational potential (see eqs (15) and (16)), in a way that is not completely described by the dependence of δ on
ϕL. A way to deal with this issue was adopted by Giannantonio and Porciani [32]: they propose a bivariate approach,
in which the halo number density is expressed as power series in the long modes of both the matter density contrast
and the gravitational potential. Following this method, they show that the results fit better with N-body simulations.
This approach has been then used by Baldauf et al in [41] for studying the features of galaxy bispectra. 1 Here, we
implement another method that allows us to overcome the conceptual difficulty outlined above. It is a generalization
of the univariate approach that was introduced in [30] in the context halo power spectra: we extend it to the study
of bispectra. We assume that the number of halos at a given position, nh(~x) does not depend on the matter density
contrast only, but also on all its correlation functions
nh = nh (δ(~x), [δ
n]v(~x)) . (18)
where [δn]v(~x) denotes the correlation function 〈δ1 . . . δn〉 evaluated over a volume of size v around the point ~x.
Expressing the halo number as a function of the correlation functions of matter density contrast, we faithfully capture
the contributions of the long mode ϕL on the process of halo formation. In a sense, the method that we adopt is a
generalization of the univariate approach; on the other hand, it is also able to include features associated with the long
modes and primordial nG, like in the bivariate approach. In order to analyze the properties induced by primordial
nG only, we perform a Taylor expansion of the halo density contrast at first order in each of the arguments of nh
in eq (18). Further terms in the expansion would induce further non-linearities on the long mode dependence of nh,
and thus rely on the non-linear dependence of this function on the matter density contrast and its correlations. Since
we intend to focus our attention on the specific non-linearities associated with primordial nG only, and we do not
have full theoretical control over higher derivatives of nh along the matter contrast correlation functions, we discard
these contributions, although it would be interesting to include them in a more complete analysis (see however section
VI for some discussion on this point). For the same reason, we do not include the effects of non-linear gravitational
clustering in our analysis: that is, we work in Lagrangian space and linearly transform to Eulerian space. As we
will see, our procedure leads to manageable expressions for the bispectra, that we use to derive interesting physical
consequences; we will also compare our results with others in the literature.
Let us now concretely apply the method we explained. We are assuming that the halo number density (nh)ℓ within
the subvolume is a function of the one-point PDF of the underlying dark matter field δM , linearly evolved until today
and smoothed over the halo scale. This matter field is proportional, via the WM and α functions, to the gravitational
potential Φ within the halo region: δM = αΦ. We define the quantity δL corresponding to the primordial Gaussian
long mode as
δL = αϕL , (19)
that is, in terms of the linearly evolved long mode for the Gaussian scalar field ϕL (defined by integrating over small
momenta the Fourier transform of ϕ). We emphasize that, consistently with the barrier crossing approach, δL and
δM are proportional to the linearly evolved primordial fluctuations. At very large scales, we can apply the transfer
function to the Poisson equation to express δ
(L)
M as
2
δ
(L)
M = δL + α
[
fNL
(
ϕ2L − 〈ϕ
2
L〉
)
+ gNL
(
ϕ3L − 3ϕL〈ϕ
2
L〉
)]
. (20)
Notice that δ
(L)
M is made by a combination of powers of long wavelength (Gaussian) modes. For weakly non-Gaussian
states, the one-point PDF in each subvolume can be characterized by its mean, variance, and higher connected
cumulants. Therefore, at very large scales, we can write an expansion for the halo displacement field
δh = bg
[
δL + αfNL
(
ϕ2L − 〈ϕ
2
L〉
)
+ α gNL
(
ϕ3L − 3ϕL〈ϕ
2
L〉
)]
+
β2
2
(
σeM
[σ2M ]
1/2
v
− 1
)
+
β3
3
(feNL − fNL) +
β4
4
(geNL − gNL) (21)
1 See also [42] for a new approach, appeared as preprint while this work was being finalized.
2 As we are working in the Fourier space, from now on powers of ϕL should be intended as convolutions. We do this in order to keep a
compact notation.
7with the standard bias evaluated at (δ
(L)
M = 0, fNL, gNL) by taking derivatives along the long wave-length mode δ
(L)
M
bg =
∂ lnnh
∂δ
(L)
M
. (22)
Moreover, we define at the same point
β2 = 2
∂ lnnh
∂ lnσeM
, β3 = 3
∂ lnnh
∂feNL
, β4 = 4
∂ lnnh
∂geNL
. (23)
A treatment similar to the previous one has been carried on also in [31], where the derivatives are done directly in
terms of correlation functions instead of nG parameters. The quantities (22)-(23) depend on the specific halo mass
function one considers: we will discuss theoretical expressions for the βi coefficients in section VI using an extended
Press-Schechter approach based on an Edgeworth expansion. In the following analysis, we leave these parameters
free.
Using formulae (15)-(17), eq. (21) becomes
δh = δL
(
bg +
β2fNL
α
+
β3gNL
α
)
(24)
+
(
ϕ2L − 〈ϕ
2
L〉
) (
bg αfNL +
3
2
β2 gNL
)
(25)
+
(
ϕ3L − 3ϕL〈ϕ
2
L〉
)
(bg α gNL) . (26)
We can collect these results in the convenient expression
δh = b1 δL +
b2
2
(
ϕ2L − 〈ϕ
2
L〉
)
+
b3
6
(
ϕ3L − 3ϕL〈ϕ
2
L〉
)
, (27)
where we define the new bias parameters bi as
b1 ≡ bg +
β2fNL
α
+
β3gNL
α
, (28)
b2 ≡ 2αbg fNL + 3β2 gNL , (29)
b3 ≡ 6αbggNL . (30)
The quantity b1 corresponds to the linear bias. It receives a contribution due to primordial nG, that scales as
1/α ∼ 1/k2 at large scales: this is the well-known scale dependence of halo bias due to primordial nG. In this large
scale limit, the linear bias function b1 depends on a particular combination of fNL and gNL, and cannot distinguish
between these two quantities. On the other hand, the bias b2 depends specifically on gNL. In what follows, we study
the bispectrum of halos and matter, which depend on b2: this can provide unambiguous information on gNL allowing
us to distinguish it from fNL.
Before continuing, we re-emphasize that in our approach we define the linear and non-linear bias in eq. (27) as
coefficients of powers of the primordial, linear Gaussian field ϕL: thus, δh acquires a non-Gaussian statistics of purely
local form, and this allows straightforward computation of n-point functions. The primordial quantity ϕL is then
linearly evolved in terms of the function α(k), consistently with the barrier crossing approach in which it is the linearly
evolved gravitational potential that affects the formation of halos. Within this framework, as we will see in what
follows, one can easily derive analytic expressions for the coefficients βi used above, using an Edgeworth expansion.
On the other hand, our approach differs from the univariate method of Jeong and Komatsu [26] (see also [28]), in
which δh is expressed in terms of powers of the evolved matter field with its own non-Gaussian features associated with
non-linear evolution: we will discuss more in details in Appendix A the differences among the results. Nevertheless,
our set-up has the virtue of being particularly intuitive and simple to deal with, and is fully consistent with the
hypothesis at the basis of the barrier crossing approach that we adopt, that it is the linearly evolved matter density
contrast that determines the formation of halos. As discussed above, our generalized univariate approach and results
are more similar in spirit to the bivariate approach to bispectra adopted by Baldauf et al [41]: we will also compare
in Appendix A their results with our own.
8A. The two point function of halo and matter densities
We adopt the following definitions for the power spectra associated with the two point functions of halo and matter
densities
Pmm (2π)
3 δ(~k + ~p) = 〈δMδM 〉 , (31)
Phm (2π)
3 δ(~k + ~p) =
〈δhδM 〉+ 〈δMδh〉
2
, (32)
Phh (2π)
3 δ(~k + ~p) = 〈δhδh〉 . (33)
We define the halo-halo power spectrum assuming that the shot-noise contribution 1/nh has been subtracted, and
analogously for the matter-halo and matter-matter power spectrum. Using the formulae (20), (27) and the linear,
primordial power spectrum3 〈ϕLϕL〉 ≡ ∆0/k
3, we find
Pmm =
∆0 α
2
k3
, (34)
Phm =
b1∆0α
2
k3
, (35)
Phh =
b21∆0 α
2
k3
. (36)
In the limit of very large scales, we can express the previous expressions for the power spectra as
Pmm = ∆0 α
2
0k , (37)
Phm = k
(
α0 bg +
β2 fNL
k2
+
β3gNL
k2
)
∆0α0 , (38)
Phh = k
(
α0 bg +
β2 fNL
k2
+
β3gNL
k2
)2
∆0 , (39)
neglecting the terms that are subleading in powers of k, and using eq. (3) which also holds specifically at large scales.
Notice the famous scale dependence of halo bias induced by primordial nG in the halo-halo power spectrum. On
the other hand, the primordial non-Gaussian parameters fNL and gNL appear in the same footing in the previous
expressions, rendering them difficult to disentangle. In order to overcome this degeneracy, in the following we will
consider the statistics of three point function and study the bispectra of halo and matter density contrasts.
B. The three point functions of halo and matter densities
The three point functions are defined as 4
Bmmm (2π)
3 δ(~k1 + ~k2 + ~k3) = 〈δMδMδM 〉 , (40)
Bhmm (2π)
3 δ(~k1 + ~k2 + ~k3) =
〈δhδMδM 〉+ 〈δMδhδM 〉+ 〈δMδMδh〉
3
, (41)
Bhhm (2π)
3 δ(~k1 + ~k2 + ~k3) =
〈δhδhδM 〉+ 〈δhδMδh〉+ 〈δMδhδh〉
3
, (42)
Bhhh (2π)
3 δ(~k1 + ~k2 + ~k3) = 〈δhδhδh〉 , (43)
obtaining at leading order (tree-level)
3 For simplicity we assume the scalar index ns = 1.
4 Note that Bhmm stands for (Bhmm + Bmhm + Bmmh)/3. The same for Bhhm. As for the power spectra, we assume that shot-noise
contributions are removed.
9Bmmm = 2fNL∆
2
0 α
(1)α(2)α(3)
(
1
k31k
3
2
+
1
k31k
3
3
+
1
k32k
3
3
)
, (44)
Bhmm =
1
3
{
∆20α
(2)α(3)
[
2fNL
α(1) b
(1)
1
k31
(
1
k32
+
1
k33
)
+
b
(1)
2
k32k
3
3
]
+ perm.
}
, (45)
Bhhm =
1
3
{
∆20α
(3)
[
2fNL
α(1) b
(1)
1
k31
α(2) b
(2)
1
k32
+
1
k33
(
b
(2)
2
α(1) b
(1)
1
k31
+ b
(1)
2
α(1) b
(2)
1
k32
)]
+ perm.
}
, (46)
Bhhh = ∆
2
0
(
b
(1)
2
α(2) b
(2)
1
k32
α(3) b
(3)
1
k33
+ b
(2)
2
α(1) b
(1)
1
k31
α(3) b
(3)
1
k33
+ b
(3)
2
α(1) b
(1)
1
k31
α(2)b
(2)
1
k32
)
, (47)
where α(j) ≡ α(kj , z) and b
(j)
i ≡ b(kj , z). Notice that the scale dependence of b
(j)
i is due to primordial nG, and this
induces a dependence on α(j) for these quantities (see eqs. (28)-(30)). In the previous formulae, we focussed only on
tree-level contributions to the bispectra, neglecting so-called “loop” effects. For this reason, the bias parameter b3
does not appear. Focussing on the halo bispectrum, eq. (47), recall that the bias parameters b1 and b2 depend on
primordial nG, see eqs (28, 29). We are thus able to recover the trispectrum dependent contributions identified by
Jeong and Komatsu [26]. We will explain in Appendix A how to compare (in appropriate limits) our results with [26]:
for the moment, we will elaborate the physical consequences of our findings.
1. Isosceles triangles and the squeezed limit in momentum space
We focus on isosceles triangle configurations, considering a squeezed limit in which primordial local nG contributions
yield the largest signal [26]. We now follow the convention of Jeong and Komatsu by setting k = k1 = k2 = ǫk3: in other
words, we consider isosceles triangles in momentum space. The squeezed limit, then, corresponds to configurations in
which ǫ≫ 1. The previous expressions (44)-(47) become
Bmmm =
2fNL∆
2
0 α(k)α(k/ǫ)
(
1 + ǫ3
)
k6
, (48)
Bhmm =
∆20 α(k)
3 k6
{
4fNL
[(
1 + ǫ3
)
α
(
k
ǫ
)
α(k) b1(k) + ǫ
3 α(k)α(
k
ǫ
) b1
(
k
ǫ
)]
+
[
2ǫ3 α
(
k
ǫ
)
b2(k) + α(k) b2
(
k
ǫ
)]}
, (49)
Bhhm =
∆20
3 k6
{
2fNL
[
α
(
k
ǫ
)
α(k)2 b1(k)
2 + 2 ǫ3 α(k)2 α
(
k
ǫ
)
b1(k) b1
(
k
ǫ
)]
+
+
[
2ǫ3 α
(
k
ǫ
)
α(k) b1(k) b2(k) + 2α(k)
(
ǫ3 α
(
k
ǫ
)
b1
(
k
ǫ
)
b2(k) + b2
(
k
ǫ
)
α(k) b1(k)
)]}
, (50)
Bhhh =
∆20 α(k) b1(k)
k6
{
2ǫ3 α
(
k
ǫ
)
b1
(
k
ǫ
)
b2(k) + b2
(
k
ǫ
)
α(k) b1(k)
}
, (51)
where we keep all contributions. These results, which use our generalized univariate approach, are similar to the ones
obtained by [41] using a bivariate approach: see Appendix A for more details. Expanding the previous functions, one
finds at large scales k ≪ 1 and in squeezed limit ǫ≫ 1, using α(k) = α0 k
2 and the approximation T (k/ǫ) ≃ T (k),
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Bmmm ≃ 4fNL∆
2
0α
3
0ǫ , (52)
Bhmm ≃ 4fNL∆
2
0α
3
0bgǫ+
2∆20α
2
0
3k2
[
(β2
(
3gNLǫ+ 2f
2
NLǫ
3
)
+ 2fNLgNLβ3ǫ
3
]
, (53)
Bhhm ≃ 4fNL∆
2
0α
3
0b
2
gǫ+
4∆20α
2
0bg
3k2
[
β2
(
3gNLǫ+ 2f
2
NLǫ
3
)
+ 2fNLgNLβ3ǫ
3
]
,
+
2∆20α0ǫ
3
3k4
[
β22
(
2f3NL + 3fNLgNL
)
+ β2β3
(
4f2NLgNL + 3g
2
NL
)
+ 2fNLg
2
NLβ
2
3
]
, (54)
Bhhh ≃ 4fNL∆
2
0α
3
0b
3
gǫ+
2∆20α
2
0b
2
g
k2
[
β2
(
3gNLǫ+ 2f
2
NLǫ
3
)
+ 2fNLgNLβ3ǫ
3
]
,
+
2α0∆
2
0bgǫ
3
k4
[
β22
(
2f3NL + 3fNLgNL
)
+ β2β3
(
4f2NLgNL + 3g
2
NL
)
+ 2fNLg
2
NLβ
2
3
]
,
+
6gNL∆
2
0β2ǫ
3
k6
(fNLβ2 + gNLβ3)
2
. (55)
The expansion of the various expressions for the bispectra at large scales makes manifest how the non-Gaussian
parameters fNL and gNL characterize different bispectra, and suggests that the study of bispectra allows to distinguish
the effects of each of them. Indeed, several contributions appear with different scale dependences and different
coefficients: these can be used to distinguish the effects of fNL and gNL.
C. Methods to disentangle gNL from fNL
Here we discuss how our results allow one to break the degeneracy between gNL and fNL that affects the power
spectra. We will discuss two possible methods to use bispectra to distinguish these two quantities.
The previous results are obtained in the limit of large scales. We use this limit in order to allow simple analytical
approximations for the transfer function T (k) and thus allow us to analytically understand physically interesting
features of the bispectra as a function of the scale k, for configurations of squeezed isosceles triangles in momentum
space k = k1 = k2 = ǫk3.
As a specific example, let us study in more detail the properties of Bhhh, using the eq. (55) valid at large scales.
The aim is to determine distinctive signatures of gNL in the profile of halo bispectra. While eq. (55) has been written
in a form aimed to emphasize the different scale dependences of the various contributions, it can also be expressed in
a more concise form as
Bhhh =
2∆0ǫ
k6
(
3β2gNL + 2α0bg fNL k
2
) [
ǫ2 (β2fNL + β3gNL)
2
+ α0bgǫ
2 (β2fNL + β3gNL) k
2 + α20b
2
gk
4
]
, (56)
which makes the zeroes of Bhhh clearly identifiable. Recall that the bispectrum (56) is defined for isosceles configu-
rations in momentum space, in which the equal sides of the triangle have length k, while the small side length k/ǫ.
Hence, we are studying Bhhh as a function of the size of the long sides of an isosceles triangle in momentum space.
In the limit of large ǫ, eq. (56) has various roots: the ones that can be real are
k
(1)
root =
√
−
3 β2 gNL
2α0 bg fNL
, (57)
k
(2)
root =
√
ǫ2 |β2fNL + β3gNL|
α0 |bg|
, (58)
hence the existence and positions of the zeroes of galaxy bispectrum depend on the values of the non-Gaussian
parameters fNL and gNL. Working in regimes in which the parameters α0, β2 and bg are positive (see the discussion
in Section VI), the quantity k
(1)
root is real only if fNL and gNL are both non-vanishing and have opposite signs. Hence,
if the profile of Bhhh changes sign as a function of the scale, it would be a tantalizing hint of the presence of non-
vanishing gNL with an opposite sign to fNL. While these roots have been derived in the limit of large scales where we
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can neglect the scale dependence of the transfer function, we will show that these features are accurately reproduced
by a full numerical analysis in Section VI.
The bispectrum Bhhh is not the only quantity that allows to distinguish among different nG parameters. Combining
different bispectra, indeed, one can more directly probe the individual effects of fNL with negligible contamination
from gNL. For example, let us consider the combination
Cfnl ≡
Bhhh
P 2hh
+ 3
Bhmm
P 2hm
− 3
Bhhm
PhmPhh
. (59)
Without making any approximation, using equations (48)-(51) one finds that the previous quantity reads, for isosceles
triangles,
Cfnl =
2fNL
(
1 + 2ǫ3
)
α (k/ǫ)
α(k) (bg α(k) + fNLβ2 + gNLβ3)
. (60)
Hence it depends specifically on fNL (with only a minor dependence on gNL in the denominator). Hence, a measurement
of non-vanishing Cfnl would provide a very clean probe of the quantity fNL that is (almost) independent on the size of
gNL. Nevertheless, the combination Cfnl is challenging to probe observationally, since it is harder to observe bispectra
and power spectra involving dark matter densities (although optimistically this might be realized in the future using
gravitational lensing).
The bottom-line of this section is that the bispectra of halos and matter have distinctive qualitative features that
allow one to distinguish the effects of different non-Gaussian parameters, thereby providing observables that may
allow one to break the degeneracies between fNL and gNL that are present in the study of power spectra only. Let
us emphasize once more that the analytical results obtained so far include the effects of primordial nG only, without
taking into account non-linear effects due to gravity. This approximation allowed us to analytically identify more
directly the effects of different nG parameters in the halo distribution. A systematic analysis is needed to understand
how much the features we pointed out survive when including the effects of gravity, and is left for future work. See
however Section VI for a numerical study of our analytic results, with some preliminary discussion on possible effects
of non-linear gravitational clustering. The next two sections are more theoretical, and investigate the implications of
our findings when applied to the multiple source extension of our treatment.
IV. THE POWER SPECTRUM AND THE BISPECTRUM: THE MULTIPLE SOURCE CASE
In this section, we discuss how to extend the previous analysis to the case of more than one source field for the pri-
mordial gravitational potential. We focus for definiteness on the case of two fields, that contribute to the gravitational
potential as in the following Ansatz
Φ = ϕ+ ψ + fNL (1 + Π)
2 (
ψ2 − 〈ψ2〉
)
+ gNL (1 + Π)
3 (
ψ3 − 3〈ψ2〉ψ
)
, (61)
with
Π =
Pϕ
Pψ
. (62)
While ϕ can be thought as the inflaton fluctuation, ψ can be seen as a spectator field that is responsible for introducing
nG of local form in the gravitational potential. The two fields ϕ and ψ are by themselves Gaussian: we split them as
long and short mode with respect to a fiducial scale ℓ, as done in the previous section:
ϕ = ϕs + ϕL , (63)
ψ = ψs + ψL . (64)
This set-up can be seen as an extension of the curvaton-like model analyzed in section of 4.1 of [30], where we
include the contribution of gNL. From now on, Pi = PΦ(ki) and Pij = PΦ(|ki + kj |). Starting from Ansatz (61), the
three and four pt functions read
〈Φ(k1)Φ(k2)Φ(k3)〉 = fNL [P1P2 + 5 perms ] , (65)
〈Φ(k1)Φ(k2)Φ(k3)Φ(k4)〉 = 2
(
5
6
)2
τNL [P1P2P13 + 23 perms ] + gNL [P1P2P3 + 11 perms ] , (66)
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where
τNL =
(
6
5
fNL
)2
(1 + Π) . (67)
The usual equality τNL =
(
6
5fNL
)2
is recovered, as expected, in the single field limit Π→ 0.
After implementing the long/short splitting, one gets in coordinate space
Φ = ϕL + ψL + fNL (1 + Π)
2 (
ψ2L − 〈ψ
2
L〉
)
+ 6gNL (1 + Π)
3 (
ψ3L − 3〈ψ
2
L〉ψL
)
+ϕs +
(
1 + 2fNL (1 + Π)
2
ψL + 3gNL (1 + Π)
3
(ψ2L − 〈ψ
2
L〉)
)
ψs
+(1 + Π)
2
(fNL + 3 (1 + Π) gNLψL)
(
ψ2s − [ψ
2
s ]v
)
+gNL (1 + Π)
3 (
ψ3s − 3[ψ
2
s ]ψs
)
. (68)
The previous expression demonstrates how long wavelength modes modulate the gravitational potential. The coef-
ficients of the different powers of ϕs and ψs, which control the statistics of this quantity within the subvolume v,
receive contributions depending on the long mode ψL, and thus acts as a background quantity from the point of view
of the subvolume v. In light of this, we can define the small scales effective power σe =
[
Φ2
]1/2
v
, feNL and g
e
NL as
(σe) =
[
Φ2s
]1/2
v
{
1 + 2 fNL(1 + Π)ψL + (1 + Π)
2 (2 f2NLΠψ2L + 3 gNL(ψ2L − 〈ψ2L〉))
+
1
2
(1 + Π)
3
Π
(
−8 f3NL ψ
3
L + 12 fNLgNL ψL(ψ
2
L − 〈ψ
2
L〉)
)}
, (69)
(1 + Π)
2
feNL = (1 + Π)
2
(fNL + 3 (1 + Π) gNLψL) , (70)
(1 + Π)
3
geNL = (1 + Π)
3
gNL , (71)
so we learn that long wavelength modes affect the two-point statistics of the short modes, as well as the non-Gaussian
parameters inside the small box.
Following our treatment of the single source case, we can define the quantity δL corresponding to the linearly
evolved sum of primordial Gaussian perturbation as
δL = α (ϕL + ψL) . (72)
Using the Poisson equation, the long modes in the smoothed matter density contrast reads
δ
(L)
M = δL + α
[
(1 + Π)
2
fNL
(
ψ2L − 〈ψ
2
L〉
)
+ (1 + Π)
3
gNL
(
ψ3L − 3ψL〈ψ
2
L〉
)]
. (73)
We express the halo density contrast as the expansion
δh = bg
[
δL + α (1 + Π)
2
fNL
(
ψ2L − 〈ψ
2
L〉
)
+ α (1 + Π)
3
gNL
(
ψ3L − 3ψL〈ψ
2
L〉
)]
+
β2
2
(
σeM
[σ2M ]
1/2
v
− 1
)
+
β3
3
(feNL − fNL) +
β4
4
(geNL − gNL) , (74)
with the standard bias evaluated at (δ
(L)
M = 0, fNL, gNL)
bg =
∂ lnnh
∂δ
(L)
M
, (75)
and, moreover, we define at the same point
β2 = 2
∂ lnnh
∂ lnσeM
, β3 = 3
∂ lnnh
∂feNL
, β4 = 4
∂ lnnh
∂ geNL
. (76)
Substituting the formulae above, one finds
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δh = bg δL + 2 β2 (1 + Π) fNL ψL + 6β3 gNL (1 + Π) ψL
+
(1 + Π)2
2
[(
ψ2L − 〈ψ
2
L〉
)
(2 bg αfNL + 3β2 gNL) + ψ
2
Lβ2 f
2
NLΠ
]
+
(1 + Π)
3
6
[(
ψ3L − 3ψL〈ψ
2
L〉
)
(6bg α gNL + 18Πβ2 fNL gNL)− 24Πf
3
NLβ2ψ
3
L
]
(77)
= bg αϕL + b1 αψL +
1
2
(
b2ψ
2
L − b3〈ψ
2
L〉
)
+
1
6
(
b4 ψ
3
L − 3b5 ψL〈ψ
2
L〉
)
. (78)
We define the bias bi as
b1 ≡ bg + β2 (1 + Π)
fNL
α
+ β3 (1 + Π)
gNL
α
, (79)
b2 ≡ (1 + Π)
2 [
2α bg fNL + 3β2 gNL +Πβ2f
2
NL
]
, (80)
b3 ≡ (1 + Π)
2
[2α bg fNL + 3β2 gNL] , (81)
b4 ≡ (1 + Π)
3 [
3bg α gNL + 9Πβ2 fNL gNL − 12Πβ2f
3
NL
]
, (82)
b5 ≡ (1 + Π)
3
[3bg α gNL + 9Πβ2 fNL gNL] . (83)
A. The two point functions of halo and matter densities
We adopt the following definitions for the two point functions (the same as in the single source case we discussed
in previous sections)
Pmm (2π)
3 δ(~k + ~p) = 〈δMδM 〉 , (84)
Phm (2π)
3 δ(~k + ~p) =
〈δhδM 〉+ 〈δMδh〉
2
, (85)
Phh (2π)
3 δ(~k + ~p) = 〈δhδh〉 , (86)
where
Pmm =
∆mm
k3
=
∆0 α
2 (1 + Π)
k3
, (87)
Phm =
∆hm
k3
=
(α b1 + α bg Π) ∆0α
k3
, (88)
Phh =
∆hh
k3
=
(
α2 b21 + α
2 b2g Π
)
∆0
k3
. (89)
B. The three point functions of halo and matter densities
The three point functions are defined as
Bmmm (2π)
3 δ(~k1 + ~k2 + ~k3) = 〈δMδMδM 〉 , (90)
Bhmm (2π)
3 δ(~k1 + ~k2 + ~k3) =
〈δhδMδM 〉+ 〈δMδhδM 〉+ 〈δMδMδh〉
3
, (91)
Bhhm (2π)
3 δ(~k1 + ~k2 + ~k3) =
〈δhδhδM 〉+ 〈δhδMδh〉+ 〈δMδhδh〉
3
, (92)
Bhhh (2π)
3 δ(~k1 + ~k2 + ~k3) = 〈δhδhδh〉 , (93)
obtaining
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Bmmm = 2 (1 + Π)
2
fNL∆
2
0 α
(1)α(2)α(3)
(
1
k31k
3
2
+
1
k31k
3
3
+
1
k32k
3
3
)
, (94)
Bhmm =
1
3
{
∆20α
(2)α(3)
[
4 fNL (1 + Π)
2 α
(1) b
(1)
1
k31
(
1
k32
+
1
k33
)
+
b
(1)
2
k32k
3
3
]
+ perm.
}
, (95)
Bhhm =
1
3
{
∆20α
(3)
[
2 fNL (1 + Π)
2 α
(1) b
(1)
1
k31
α(2) b
(2)
1
k32
+
1
k33
(
b
(2)
2
α(1) b
(1)
1
k31
+ b
(1)
2
α(2) b
(2)
1
k32
)]
+ perm.
}
, (96)
Bhhh = ∆
2
0
(
b
(1)
2
α(2) b
(2)
1
k32
α(3) b
(3)
1
k33
+ b
(2)
2
α(1) b
(1)
1
k31
α(3) b
(3)
1
k33
+ b
(3)
2
α(1) b
(1)
1
k31
α(2) b
(2)
1
k32
)
, (97)
where α(j) ≡ α(kj , z) and b
(j)
i ≡ b(kj , z). In the previous formulae, we focussed only on tree-level contributions,
neglecting loop effects. Remarkably, only the bias parameter b1 and b2 appear.
1. Isosceles triangles and the squeezed limit in momentum space
We now set k = k1 = k2 = ǫk3. That is, we consider isosceles triangles. The squeezed limit, then, corresponds to
configurations in which ǫ≫ 1. The previous expressions (94)-(97) become
Bmmm =
2 fNL (1 + Π)
2
∆20 α(k)α(k/ǫ)
(
1 + ǫ3
)
k6
, (98)
Bhmm =
∆20 α(k)
3 k6
{
4fNL (1 + Π)
2
[(
1 + ǫ3
)
α
(
k
ǫ
)
α(k) b1(k) + ǫ
3 α(k)α
(
k
ǫ
)
b1
(
k
ǫ
)]
+
+
[
2ǫ3 α
(
k
ǫ
)
b2(k) + α(k) b2
(
k
ǫ
)]}
, (99)
Bhhm =
∆20
3 k6
{
2 fNL (1 + Π)
2
[
α
(
k
ǫ
)
α(k)2 b1(k)
2 + 2 ǫ3 α(k)2 α(k/ǫ) b1(k) b1
(
k
ǫ
)]
+
+
[
2ǫ3 α
(
k
ǫ
)
α(k) b1(k) b2(k) + 2α(k)
(
ǫ3 α(k/ǫ) b1
(
k
ǫ
)
b2(k) + b2
(
k
ǫ
)
α(k) b1(k)
)]}
, (100)
Bhhh =
∆20 α(k) b1(k)
k6
{
2ǫ3α(k/ǫ) b1
(
k
ǫ
)
b2(k) + b2
(
k
ǫ
)
α(k) b1(k)
}
, (101)
where we keep all contributions. Notice that the structure of the bispectra is very similar to the case of single source,
apart from coefficients depending on Π, the ratio of the power spectra of the Gaussian fields. This implies that when
expanded using eqs. (79, 80), one finds various contributions depending both on bispectrum (fNL) and trispectrum
(τNL and gNL) parameters. The qualitative features of the bispectra as a function of the scale remain the same as the
ones discussed in the single source case. For example, let us write the multi-source version of the quantity Cfnl that
we wrote in eq. (60): it reads
Cfnl =
2fNL (1 + Π)
(
1 + 2ǫ3
)
α (k/ǫ)
α(k) (bg α(k) + fNLβ2 + gNLβ3)
. (102)
Also in the multiple source case, this quantity represents a clean probe of the nG parameter fNL (almost) independent
from the value of gNL.
In the next section, we investigate the contributions depending on Π that play an important role in defining the
properties of the stochastic halo bias.
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V. STOCHASTIC HALO BIAS, AND COMBINATIONS OF POWER SPECTRA AND BISPECTRA
Stochastic halo bias arises when halo overdensities are not fully correlated with matter overdensities [30, 34]. An
example is the inequality
Phh ≥ b
2Pmm
where b = Pmh/Pmm is the halo-matter bias. As we have seen, halo and matter overdensities depend on primordial
nG: neglecting the effect of shot-noise, the aforementioned stochasticity is associated with inequalities between non-
Gaussian parameters. Such inequalities have been well studied in the analysis of nG from inflation, and are typically
(but not only [33, 43]) associated with the presence of multiple sources for the primordial gravitational potential. A
famous inequality is the Suyama-Yamaguchi inequality τNL ≥ (6/5 fNL)
2
. In this section, we will investigate the role
of gNL for characterizing the stochasticity of halo bias, and we will extend the notion of stochasticity to the bispectra.
We will make use of some technical results on inequalities among primordial non-Gaussian parameters, which we
relegate to Appendix B. In this section, as in the previous ones, we will not include loop effects.
A. Stochastic halo bias and power spectra
A convenient quantity to quantify the stochasticity of halo bias using power spectra is rP , defined as [30]
rP =
Phh
Pmm
−
(
Pmh
Pmm
)2
. (103)
Using the results of Section IV, we find at large scales k → 0
rP =
4 (β2fNL + 3 β3gNL)
2
Π
α0 k4
≥ 0 . (104)
Hence rP ≥ 0, and the equality rP = 0 can be obtained when nG is absent, or in the single field limit Π→ 0. Notice
that fNL and gNL appear in a combination that renders the identification of their individual effects difficult – a feature
that we already discussed by studying power spectra in the previous sections.
Let us provide a heuristic understanding for this result, extending the arguments of [30] to include gNL. In that
paper, setting gNL = 0, the inequality rP ≥ 0 was associated to the Suyama-Yamaguchi inequality τNL ≥ (6/5fNL)
2
.
On the other hand, when including gNL, we learn that eq. (104) reads
α0 k
4 rP =
(
5 β2
6
)2 [
τNL −
(
6
5
fNL
)2]
+ 2 β2 β3 fNL gNLΠ+ β3 g
2
NLΠ ≥ 0 . (105)
Hence we find two additional terms proportional to gNL besides the first corresponding to the Suyama-Yamaguchi
inequality.
As we have seen in the previous sections, the halo displacement can be schematically expressed as an expansion in
terms of local correlation functions of the linearly evolved matter density field
δh = bg δ + β2 [δ
2] + β3 [δ
3] + . . . (106)
Using this expansion, we can schematically express the quantity rP as
rP =
〈δhδh〉
〈δδ〉
−
〈δhδ〉
2
〈δδ〉2
= β22
(
〈[δ2][δ2]〉
〈δδ〉
−
〈[δ2]δ〉2
〈δδ〉2
)
+ 2β2β3
(
〈[δ3][δ2]〉
〈δδ〉
−
〈[δ2]δ〉 〈[δ3]δ〉
〈δδ〉2
)
+ β23
(
〈[δ3][δ3]〉
〈δδ〉
−
〈[δ3]δ〉2
〈δδ〉2
)
. (107)
To write the previous formula, we used the schematic notation discussed in Appendix B to express squeezed and
collapsed limits of n-pt functions. With 〈δ[δ2]〉 we denote the squeezed configuration of a 3-pt function, in which one
of the momenta is sent to zero: this notation clearly demonstrates that a long mode δ modulates the 2-pt function
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δ[δ2]. With 〈[δ2] [δ2]〉 we denote the collapsed configuration of a 4-pt function, in which the momentum connecting
the two [δ2] is going to zero.
The combination in the first term in the RHS of equation (107) relates the collapsed limit of a four point function
with the squeezed limit of the three point function, and is associated with the Suyama-Yamaguchi inequality (see eq.
(B2)). It corresponds to the first term in (105). The remaining terms are instead associated to the inequalities (B3),
(B4), that involve collapsed limits of higher point functions, and are at the origin of the additional contributions in
(105) depending on gNL. The conclusion is that rP ≥ 0 does not measure just the SY inequality, but a combination
of contributions associated with various inequalities: thus, it cannot clearly distinguish between fNL and gNL.
B. Stochastic halo bias and the bispectra
Stochasticity can be defined also using bispectra: this allows one to break the degeneracy between fNL and gNL
also at the level of stochastic halo bias. Consider the bispectra defined for isosceles triangles, both for the case of
single and multiple sources as discussed in the previous sections. (Squeezed configurations are special cases in which
one of the sides of the triangle has vanishing size, i.e. the parameter ǫ defined in section IVB1 is large).
We define the following quantity rB that uses bispectra to measure stochasticity
rB =
Bhhh
P 2hh
+
3Bhmm
P 2hm
−
3Bhhm
PhmPhh
−
Bmmm
PhmPmm
. (108)
A non-vanishing rB is associated with stochasticity: indeed, using the same arguments of the previous subsection,
one can expand the previous quantity rB in terms of βi, fNL and gNL finding a sum of several contributions that
vanish in the single source limit. These contributions, among other things, depend on appropriated collapsed limits of
six point functions; an example of contributions to rB is the following combination, which appears in the expansion
for rB multiplied by suitable powers of the available parameters
C ≡
[
〈[δ2] [δ2] [δ2]〉
〈[δ2] [δ2]〉2
−
〈δ δ δ〉
〈δ δ〉 〈δ [δ2]〉
− 3
〈δ [δ2] [δ2]〉
〈δ [δ2]〉 〈[δ2] [δ2]〉
+ 3
〈δ δ [δ2]〉
〈δ [δ2]〉2
]
. (109)
Using the inequalities among non-Gaussian parameters discussed in Appendix B, one can check that C vanishes in
the single source case (neglecting loop effects), while it is generally non-vanishing for multiple sources.
For the specific two-field model of section IV, neglecting loop corrections, one can straightforwardly check that rB
is non-vanishing only when Π 6= 0, i.e. in presence of multiple sources. We find the following value for rB at large
scales and in the limit of squeezed configurations ǫ≫ 1
rB =
ǫ2fNLΠ
2(β2fNL + 3β3gNL)
−
3 ǫ2 fNL bg α0 k
2Π
4(β2fNL + 3β3gNL)2
+O(k4) . (110)
Hence, at very large scales k → 0, rB is sensitive to fNL and its sign: if fNL vanishes, then rB vanishes no matter of
the size of gNL. Hence rB can be an useful complementary observable besides rP to study the stochasticity of halo
bias.
VI. DISTINGUISHING gNL WITH LARGE SCALE STRUCTURES
The analytical results of the previous sections indicate that the effects of fNL and gNL can be distinguished by
measuring bispectra of halo and matter densities, in a way that is not possible by studying power spectra only.
Indeed, in the scale-dependent bias of the halo power spectrum the parameters fNL and gNL are weighted by the same
power of the scale k, while the bispectra contain different contributions depending on non-Gaussian parameters that
scale with different powers of k, implying it is possible to overcome the degeneracy between fNL and gNL without
having to study galaxy 4-point functions.
We theoretically analyzed this subject in the previous sections, making simplifying assumptions aimed to concentrate
on the effects of primordial nG on the halo bias. While in our theoretical discussions, in order to obtain analytic
expressions for our quantities, we focussed on the limit of large scales where simple approximations for the transfer
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functions hold, in this section we numerically investigate the features of the bispectrum also for smaller scales, in
order to determine properties of this quantity that allow us to distinguish the effects of gNL from the ones of fNL. In
particular, we investigate two properties of halo and matter bispectra that we found when analytically studying them
in the previous theoretical sections: 1) The dependence on gNL of the sign of halo bispectra as a function of the scale.
and 2) The fact that a particular combination of halo and matter bispectra, Cfnl (see eq. (60)) depends on fNL only,
allowing one to cleanly distinguish fNL from gNL.
To start with, we focus on the single source case and investigate the slope of the halo bispectrum Bhhh associated
with squeezed isosceles triangles in momentum space. We consider highly biased halos for all the possible combinations
of fNL = 0,±1 and gNL = 0,±10
3,±104, in the squeezed configuration ǫ = 100 (that is, the ratio between the long and
short sides of an isosceles triangle in momentum space is 100). The aim of our analysis is to confirm the analytical
results we determined in the previous sections, and to investigate at which scales, redshifts and masses a distinct
signature of the effects of gNL might be observed by future surveys, like EUCLID [44]. On the other hand, our
analysis intends to concentrate on the effects of primordial nG, without including the non-linear evolution of gravity,
nor non-linearities associated with the particular dependence of the mass function on the matter density contast.
These contributions will be addressed in a future publication.
The starting point of our arguments is eq.(47) for Bhhh. In order to obtain the quantities b1, b2 defined in eqs.(28),
(29), we compute α(k, z) by using the transfer function from CAMB [45] with the state parameters consistent with
the WMAP5+BAO+SN cosmology [46] (the reason of this choice will be clear later). Then, to evaluate the bias
coefficients bg, β2, β3 defined in eqs.(22), (23), a specific mass function must be chosen at the expense of making
additional assumptions.
The mass function gives the number density of halos at a given redshift z with mass within M and M + dM ; under
the assumption of universality, the mass function depends only on ν = δc/σM . It takes the form [37]
nh(M, z) =
ρm
M2
f (ν)
∣∣∣∣d lnσ−1Md lnM
∣∣∣∣, (111)
where the variance σM of the smoothed linear density contrast δM is given by
σM (z)
2 ≡
∫
d~k
(2π)3
W 2M (k)α¯
2(k, z)PΦ(k) (112)
and we replace the spherical collapse threshold δc = 1.686 with 1.42, to improve the agreement between the barrier
model and simulations [47, 48]. When the primordial gravitational potential is exactly Gaussian, the mass function
f appearing in (111) assumes the Press-Schechter form
fPS(ν) =
√
2
π
ν e−
ν
2
2 . (113)
For non-Gaussian primordial fluctuations, fPS must be replaced by a more accurate mass function. Several mass
functions that account for non-Gaussian initial conditions have been proposed in the literature (see for example [24, 49]
and the reviews [19, 20]). For our analysis, we will adopt the results of Smith, Ferraro, and LoVerde [50], based on
the Edgeworth expansion; these provide a useful, theoretically motivated expression for halo bias which agrees with
N -body simulations.
The Edgeworth expansion can be applied within the barrier crossing model by building up the PDF as a series of
higher-order cumulants (defined as κn = 〈δ
n
M 〉c/σ
n
M ) times the Press-Schechter Gaussian distribution (113). In order
to have a positive definite distribution, it is important to specify the order of the cumulant at which the series is
truncated (see [24] for further details, and also [22, 51] for additional papers that include the effects of kurtosis).
Fortunately, for the weakly nG regime we are interested in, the Edgeworth expansion converges rapidly, providing
a useful approximation as long as 1 ≫ κ3 ≫ · · · ≫ κn. Within this regime, the Edgeworth expansion corresponds
simply the Press-Schechter mass function plus first-order corrections in fNL and gNL:
n(M) =
2ρ0
M
∣∣∣∣d lnσ−1MdM
∣∣∣∣ e−ν
2/2
(2π)1/2
[
ν + fNL
(
κ
(1)
3 (M)
νH3(ν)
6
−
dκ
(1)
3 /dM
d(lnσ−1M )/dM
H2(ν)
6
)
+
+ gNL
(
κ
(1)
4 (M)
νH4(ν)
24
−
dκ
(1)
4 /dM
d(lnσ−1M )/dM
H3(ν)
24
)]
, (114)
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where Hn is n-th Hermite polynomial and we defined the n-th nG cumulant
κ3(M) = fNLκ
(1)
3 (M) ≈ fNL
(
6.6 · 10−4
) [
1− 0.016 ln
(
M
h−1M⊙
)]
, (115)
κ4(M) = gNLκ
(1)
4 (M) ≈ gNL
(
1.6 · 10−7
) [
1− 0.021 ln
(
M
h−1M⊙
)]
. (116)
The approximated results above are taken from [52].
It is important to underline that the Edgeworth expansion is not in a universal form, as an explicit dependence
on M appears. However, the cumulants κ3 and κ4 are weakly dependent on it (see eqs. (115), (116)), so that we are
justified to dropM and assume them as constants. Although this is not true in general for [dκ
(1)
3 /dM ]/[d(lnσ
−1
M )/dM ]
and [dκ
(1)
4 /dM ]/[d(lnσ
−1
M )/dM ], we have checked it to be a reasonable approximation within the mass range we are
interested in.
Under these approximations universality is recovered, and within the validity of the Edgeworth expansion, the bias
coefficients are obtained by taking the derivatives of eq.(114). Decomposing
bg = bg 0 + fNLbfNL 0 + gNLbgNL 0 , (117)
we have
bg 0 = 1 +
ν2 − 1
δc
, (118)
bfNL 0 = −κ
(1)
3 (M)
(
ν3 − ν
2δc
)
−
dκ
(1)
3 /dM
d(ln σ−1M )/dM
(
ν + ν−1
6δc
)
, (119)
bgNL 0 = −κ
(1)
4 (M)
(
ν4 − 3ν2
6δc
)
−
dκ
(1)
4 /dM
d(ln σ−1M )/dM
(
ν2
12δc
)
. (120)
Moreover,
β2 = 2ν
2 − 2 , (121)
β3 = κ
(1)
3 (M)
(
ν3 − ν
2
)
−
dκ
(1)
3 /dM
d(ln σ−1M )/dM
(
ν − ν−1
2
)
. (122)
The physical interpretation of the results above is the following: bg0 is the usual Gaussian bias in Eulerian coordinates,
while the terms bfNL 0 and bgNL 0 describe the scale-independent shift to bg 0. Unfortunately they cannot be used to
constrain primordial NG, since the bias of a real tracer population is not known a priori. Then, β2 is the well-known
scale-dependent bias for an fNL cosmology. By neglecting the explicit mass dependence of the Edgeworth expansion,
we have forced eq.(121) to satisfy the relation β2 = 2δc(bg 0 − 1) found in [12]; this is valid for a universal mass
function. Finally, β3 describes the scale-dependent bias introduced by the gNL parameter.
Recall that the mass function here is initially computed in Lagrangian coordinates, therefore the +1 in eq.(118)
takes into account the dynamical effects produced by linear gravity and bring us to Eulerian coordinates [53]. Let
us emphasize again that here we are only including the linear effects of gravity. Non-linear effects would add further
non-Gaussian features to bispectra – not specifically due uniquely to primordial nG, the focus of this paper – that we
intend to analyze in a future publication.
Smith et al. compared the Edgeworth prediction for β3 with N -body simulations, finding that it breaks down at
lower halo mass, M . 1014h−1M⊙. To fix this problem, they first noted that eq.(122) can be written as
β3 = κ3
[
−1 +
3
2
(ν − 1)
2
+
1
2
(ν − 1)
3
]
−
dκ3
d ln σ−1
(
ν − ν−1
2
)
, (123)
then, they found a good agreement with simulations by changing the coefficients of the polynomial in the brackets as
follows
β∗3 = κ3
[
−0.7 + 1.4 (ν − 1)2 + 0.6 (ν − 1)3
]
−
dκ3
d ln σ−1
(
ν − ν−1
2
)
. (124)
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Our numerical analysis can be easily performed by using the following fitting functions [50]
κ3 = 0.000329 (1 + 0.09z) b
−0.09
g 0 , (125)
dκ3
d ln σ−1M
= −0.000061 (1 + 0.22z) b−0.25g 0 . (126)
The quantities (118)-(121),(124) provide the necessary terms to describe highly biased tracers. All the results provided
by Smith et al. have been tested against 4 simulations with Gaussian initial conditions, 5 simulations with fNL = ±250
and 3 simulations with gNL = ±2 · 10
6, for a total of 20 simulations in the WMAP5+BAO+SN cosmology. Given
that these results have been well tested on several simulations, we assume the same dataset, and we do not expect to
see any radical change in our order-of-magnitude analysis for a slightly different ΛCDM cosmology. However, further
simulations should be carried out to test the validity of β∗3 for the low values of fNL and gNL we are interested in.
Let us now present our numerical results and their interpretation. Fig. 1 displays the absolute value of the halo
bispectrum (using a log-scaling), for halos of mass M = 1013M⊙, at redshift z = 1, and k-space triangles with
squeezing parameter ǫ = 100. Each of the three plots in this figure shows the results for a different value of fNL:
fNL = −1 for Case 1, fNL = 0 for Case 2, and fNL = 1 for Case 3. The lines on each plot correspond to different
values of gNL. Each point on the k-axis actually involves three different values of the wavenumber specifying the three
sides of a squeezed triangle in momentum space: two at k1 = k2 = k (the long equal sides) and one at k3 = k/ǫ (the
small side). The plots span an interval of k between 10−2 and 10−1 h/Mpc, corresponding to scales within ranges that
will be probed by future observations made by EUCLID, under the hypothesis that this survey will gain one order of
magnitude in scale with respect to BOSS [54, 55]. Since negative values of the bispectrum are possible, we plot the
absolute value of Bhhh. The presence of cusps indicate the changing from positive to negative values (or vice-versa).
For the sake of clarity, we use dashed lines for negative values of the bispectrum and solid lines for positive ones.
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FIG. 1:
Top: The absolute value of the halo bispectrum Bhhh in the squeezed configuration k1 = k2 = 100k3, for halo massM = 10
13M⊙,
redshift z = 1, fNL = −1. Different lines correspond to the values gNL = 0,±10
3,±104. We use solid lines to describe positive
values and dotted lines for neagative values; the presence of a cusp indicates a change of sign. The pattern of zeros in the
plotted range of wavenumbers can be used to distinguish fNL from gNL: see the text for further details.
Bottom left : Same as the top panel, but for fNL = 0. For gNL = −10
4 a zero is present.
Bottom right : Same as top panel, but for fNL = 1. Notice that a single zero appears, for gNL = −10
3.
An inspection of these plots suggests an important qualitative feature of these results. If the parameters are
contained within appropriate intervals, the halo bispectrum as a function of k changes sign more times if gNL has
opposite sign with respect to fNL. For example, in Fig. 1, Case 1 corresponding to fNL = −1, we see that the green
curve, corresponding to the logarithm of the bispectrum for gNL = 10
3, changes sign twice instead of once as the
other curves. Moreover, the positions of the zero at smaller scales, that exists for all the curves, depends on the value
of gNL. In Fig. 1, Case 2 with fNL = 0, the bispectra for different values of gNL never change sign in the interval of
scales we consider. Finally, in Fig. 1, Case 3 with fNL = +1, the red curve with gNL = −10
3 changes sign while all
the other curves do not.
The qualitative features in the bispectra profiles as a function of scale become even more pronounced when consid-
ering higher redshifts or higher mass objects. To show this behaviour, we present plots displaying the halo bispectrum
for two additional cases. The first set, displayed in Fig. 2, is for M = 1013M⊙, z = 2, ǫ = 100, while the second one
is for M = 1014M⊙, z = 1, ǫ = 100 and is displayed in Fig. 3. Each plot uses the same conventions as Fig. 1. The
qualitative considerations we made above are still valid. In particular, we see, at higher mass or redshift than our
fiducial choice (M = 1013M⊙, z = 1, ǫ = 100), an increase in the absolute value of the halo bispectrum. Interestingly,
the various contributions to the bispectrum weighted by different powers of k make the magenta curve for gNL = −10
4
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in the plots with fNL = +1 change sign, in both cases presented here. This new feature is due to the dependence of
the bias parameters b1, b2 on mass and redshift.
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FIG. 2:
Same as Fig. 1, but for M = 1014M⊙. The amplitude of the bispectra have increased considerably over the case with
M = 1013M⊙ (shown in Fig. 1), the positions of the zeros have changed for fNL = −1 (top panel, and the number of zeros
has increased for fNL = 0,+1 (bottom right panel).
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FIG. 3:
Same as Fig. 1, but for z = 2. The amplitude of the bispectra have increased significantly over the case of z = 1 (shown in
Fig. 1) and the positions of the zeros differ from those observed both in Fig. 1 and Fig. 2.
Hence, the previous plots show that the presence or absence of gNL affects the bispectra profiles: in particular
it governs how many times the halo bispectrum changes sign as a function of the scale. We already discussed this
qualitative behavior in Section III B 1, when analytically studying the roots of the bispectrum in the large scale limit.
The numerical results of this section confirm those analytical findings, indicating that the qualitative profile of the
halo bispectrum for isosceles triangles as a function of the scale can provide an interesting signature of the presence
of gNL. Hence, we learn that the fact that the bispectrum changes sign in multiple locations as a function of the
scale is a distinctive signal of the presence of gNL. Optimistically, this can be used to constraint values of gNL smaller
than the ones that can be tested by CMB. These features might be observed in cases in which large values of bg are
realized, since in this case the bispectrum generated by primordial nG is more significant. Thus, the bispectrum is
greater for larger halo masses M and, at constant M , greater at higher redshift. For example, in Fig. 4 we provide
an example of halos at redshift z = 2, for fNL = −1. In this case, we see that the green curve corresponding to the
halo bispectrum changes sign twice for gNL = 400. An observation of this phenomenon can then probe quite small
values for gNL. We can also compare the results of Fig. 4 with the analytical formulae for the zeros of the bispectrum,
eqs (57) and (58). For the halo mass, redshift and ǫ parameter we are considering, we find bg ≃ 4.3, β2 ≃ 9.5,
β3 ≃ 1.1 × 10
−3. Computing the positions of the zeros of the bispectrum for the case gNL = 400 with the analytical
formulae of eqs (57) and (58), one finds the zeros at k
(1)
root ≃ 1.2 ·10
−2 and k
(2)
root ≃ 4.9 ·10
−2 h/Mpc, in agreement with
the numerical results within one order of magnitude. This implies that our analytical findings, although obtained
in the approximation in which we neglect the scale dependence of the transfer function, provide reasonably accurate
predictions for the positions of the zeroes.
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FIG. 4:
The plot shows the absolute value of the halo bispectrum Bhhh in the squeezed configuration k1 = k2 = 100k3, for halo mass
M = 1013M⊙ and redshift z = 2. fNL is kept constant and equal to −1, while different lines correspond to the values
gNL = 0, 400. We use solid lines to describe positive values and dotted lines for negative values; the presence of a cusp
indicate a change of sign. fNL = −1 produces a specific pattern of zeros in the line with gNL = 400. If this feature can be
observed in the halo bispectrum, it will improve the constrain on gNL to few hundreds.
We now present a plot that represents the second theoretical observation we made in the previous sections: if
it is possible to probe and observe bispectra correlating halo and matter densities (for example using gravitational
lensing) then by analyzing combinations such as Cfnl of eq. (60) we can have clean measurements of fNL only, with
a negligible contamination of gNL. In Fig. 5 we represent this quantity for different values of fNL, halo masses and
redshifts; the lines are practically insensitive on gNL, and depend only on fNL and on the halo mass. This feature,
as we discussed around eq. (60), is valid at all scales (although at smaller scales one should take into more proper
account the non-linear effects of gravity). This concretely shows that an observation of a non-vanishing value for the
quantity Cfnl would be a clean indication of a non-vanishing fNL. Combined with other measurements (for example
associated with power spectra) this fact could then be used to obtain independent constraints on gNL.
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FIG. 5:
The plot shows the quantity Cfnl in the squeezed configuration k1 = k2 = 100k3, for different halo masses
(M = 1012M⊙, 10
13M⊙, 10
14M⊙) and redshifts (z = 1, 2). Cfnl is positive for fNL = +1 and negative for fNL = −1.
Remarkably, the lines are insensitive to the values of gNL.
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We conclude that the scale dependence of bispectra of isosceles configurations in momentum space have qualitative
features that might allow us to distinguish the effects of different nG parameters, in a way that is not possible by
studying power spectra only.
While in the previous discussion we neglected the effects of non-linear gravity in the results for the bispectra, let
us end this section with a preliminary analysis of its contributions. Focussing on squeezed configurations, the next
plot shows a comparison between the amplitude of bispectra associated with primordial nG only (color lines) and
bispectra due uniquely to the non-linear effects of gravity (black lines). We divide the bispectrum due to gravity
in two contributions. The black dotted line corresponds to the amplitude of bispectra associated only with linear
bias bg 0, and is controlled by the so-called F2 function. This corresponds to the three point function for first order
fluctuations. The black continuous line, instead, is the contribution associated with the quadratic coefficient 5 B2 of
the local nonlinear biasing model of [56]. We make the choice B2 = 2 bg 0 in order to be more conservative respect to
[26] (See the review [35] for more details.)
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FIG. 6:
The plot shows the amplitude of halo bispectra as a function of scale. The colored lines are bispectra associated with
primordial nG only; the black lines are contributions to bispectra due to non-linear gravitational clustering. The black dotted
line corresponds to the gravitational clustering contributions to Bhhh depending on the linear bias bg 0 only. The continuous
line is the gravity bispectrum associated with non-linear bias b2 (we take b2 = 2bg 0).
We notice that the amplitude of the bispectrum due to primordial nG tends to dominate at large scales (small k).
However, if the primordial nG parameters are chosen to be small, the bispectrum induced by gravity is more important
at smaller scales (see green line). For somewhat larger values of the nG parameters (with the magnitude of gNL still
below CMB constraints) the amplitude of the primordial bispectrum can dominate over the gravity contributions also
at relatively small scales (see violet line). The primordial bispectrum represented in the violet line has non-trivial
profile due to competing effects of primordial fNL and gNL, in particular it has zeroes associated with the presence of
gNL: if such features can be detected in the bispectrum profile, they can be used to help distinguishing among the
effects of fNL and gNL.
The plot above is only indicative, in the sense that one should study in more detail the combined effects of non-linear
gravity and primordial nG in shaping the bispectra, and not only comparing their relative amplitude. On the other
hand, it gives the idea that for interesting values of nG parameters the primordial contribution can lead to a rich
profile for the bispectrum, controlled by the primordial nG parameters, with an amplitude larger or comparable to
the one due to gravitational clustering only.
5 To avoid confusion with eq.(29) we call it here and in Appendix A as B2, although in the literature it is usually referred to as b2.
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VII. DISCUSSION
Primordial nG characterizes the interactions of the fields sourcing the density fluctuations that seed the large-scale
structure of our universe. In this work, using a generalized univariate approach that we compared with other methods
in the literature, we analytically and numerically investigated how the statistics of LSS, in particular the study of
bispectra of halos and matter, allow one to probe primordial nG. Our aim was to find ways to determine distinctive
features of the local non-Gaussian parameters fNL and gNL, controlling respectively skewness and kurtosis of the
probability distribution function, and whose effects in the halo and matter power spectra are nearly degenerate. This
investigation is important since although CMB constraints on fNL have greatly improved with Planck, it is not clear
whether CMB measurements only can set stringent constraints on gNL.
In the first part of this work, we showed analytically that the profiles of halo and matter bispectra have qualitative
features that if measurable would clearly distinguish the effects of each non-Gaussian parameter. We exploited the
scale dependence of the halo bias induced by primordial nG. We worked in a simplified situation in which only linear
bias and linear effects of gravitational clustering are taken into account, to single out the effects of primordial nG in
the statistics of LSS. We have shown that the profile of the halo bispectrum as a function of the scale, for isosceles
configurations of triangles in momentum space, has properties that provide simple, qualitative information on each
non-Gaussian parameter. For example, the number and the position of the zeros of this function depend on the size
of gNL, and can be analytically computed with our formulae. If gNL is present, and its sign is opposite with respect
to the sign of fNL, the number of zeros of the bispectra increases as a function of the scale. Then, we determined
a particular combination of halo and matter bispectra and power spectra, denoted Cfnl, that is proportional to fNL
only and is (nearly) independent on the value of gNL. A detection of this combination would be a clean probe of fNL
with no contaminations associated with gNL. We then generalized our findings to the case in which multiple sources
contribute to form the primordial density fluctuations, and studied how stochastic halo bias is affected by the presence
of gNL. We also provided new ways to study stochastic halo bias in terms of combinations of bispectra and power
spectra.
In the second part of this work, we numerically confirmed and further developed our analytical results, focussing
on a Press-Schechter approach to halo formation supplemented by appropriate non-Gaussian initial conditions. This
analysis allowed us to apply our theoretical formulae for the bispectra focussing on scales and redshifts that might
be probed by future surveys. We confirmed our theoretical considerations, showing plots representing how the qual-
itative profiles of halo bispectra in suitable configurations depend on non-Gaussian parameters, and might be used
to set constraints on them. We ended our discussion with a preliminary analysis of the contributions of non-linear
gravitational clustering, indicating that non-linear gravity tends to contaminate the bispectrum profiles, but that the
qualitative features we investigated survive for sufficiently large primordial non-Gaussian parameters.
Our results can be extended in various directions. From the theoretical side, the non-linear effects associated with
features of the mass function, bias and gravitational clustering (the non-linear transformation from Lagrangian to
Eulerian coordinates), as well as loop effects, should be properly included in the context of perturbation theory, in
order to understand whether and how primordial nG controls the qualitative features of bispectra also after taking
these non-linearities into account. Having a good control of gravitational effects would also allow one to reliably
study the bispectra for smaller values of the scale and for configurations that are less squeezed than the ones we
considered here, and extend the validity of our results in these regimes. We plan to explore this interesting issue in
a future publication. Another direction of investigation is a more systematic study of observational applications of
our results, trying to quantify whether the methods we propose are sufficiently efficient to set constraints on gNL that
are more stringent than those available from the CMB. An important extension of our work is thus to forecast the
signal-to-noise of galaxy bispectra as a function of scale, for future surveys such as EUCLID, and thereby test whether
the features we predict are observable. Such study will exploit our theoretical inputs to develop optimised methods
to distinguish the effects of fNL and gNL using galaxy bispectra and thus quantify their size and sign independently.
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Appendix A: Comparison with previous works
In this appendix, we compare our results with the ones obtained in two previous papers that studied galaxy
bispectra.
We start discussing a comparison with the paper of Jeong and Komatsu [26]. Jeong and Komatsu were the first to
investigate the halo bispectrum up to the nG parameter gNL including the scale dependence of bias. It is important
to point out the connection between their results and our findings. We address the issue in this Appendix.
First of all, let us briefly sketch the formalism6 used in [26]. They assume that the halo density contrast can be
expressed as a local bias expansion of the matter overdensity in Eulerian coordinates, whose Fourier transform is
δh(~k) = B1δM (~k) +
B2
2
[∫
d3q
(2π)3
δM (~k − ~q)δM (~q)− σ
2
Mδ
(3)(~k)
]
+ . . . , (A1)
where
δM (~k) = WM (k)
[
δ(1)(~k) + δ(2)(~k) + δD(~k) + . . .
]
(A2)
and δ(1)(~k) = α(k)Φ(~k) , while δ(n)(~k) is the n-th order quantity of the linear density contrast, given by perturbation
theory [35]. The advantage of this approach is that non-linear evolution is automatically included when building the
3-point function, even though calculations become harder.
On the other hand, the assumptions that led us to the halo density contrast of Eq.(27) are somewhat different. As
we will show, the peak-background split method within a barrier crossing approach allows to re-obtain part of the
results of [26] in a simple way (at least in the squeezed limit) and extend them up to higher powers of nG parameters.
However, since we have not yet accounted for the non-linear effects of gravity, a comparison is possible only between
primordial nG effects at this stage. Moreover, it is known (see for example [57]) that the local Lagrangian and Eulerian
bias are not compatible in non-linear regimes.
By plugging Eqs.(28), (29), (30) into eq.(47) and collecting all the terms proportional to the same nG parameter,
we find:
BfNLhhh = fNL∆
2
0b
3
g
α(1)α(2)α(3)
k31k
3
2k
3
3
(k31 + k
3
2 + k
3
3) ≃ 4fNL∆
2
0b
3
gα
3
0ǫ , (A3)
B
f2
NL
hhh = f
2
NL∆
2
0b
2
gβ2
α(1)α(2)α(3)
k31k
3
2k
3
3
[
k31
(
1
α(2)
+
1
α(3)
)
+ perm.
]
≃ 4f2NL∆
2
0b
2
gβ2α
2
0
ǫ3
k2
, (A4)
BgNLhhh = gNL∆
2
0b
2
gβ2
α(1)α(2)α(3)
k31k
3
2k
3
3
(
k31
α(1)
+
k32
α(2)
+
k33
α(3)
)
≃ 6gNL∆
2
0b
2
gβ2α
2
0
ǫ
k2
, (A5)
where the approximated results are obtained by using α(k) = α0 k
2 and T (k/ǫ) ≃ T (k), in the squeezed configuration
k = k1 = k2 = ǫ k3 with large ǫ. The term B
fNL
hhh is the same primordial nG contribution found in [26, 58, 59], while
the approximated results for B
f2
NL
hhh and B
gNL
hhh match respectively those of eq.(50) and eq.(49) of [26] on large scales.
However, a subtle difference between our results and those of [26] arise, due to the different initial assumptions. The
matching is truly correct only if the equalities B1 ≡ bg, β2 ≡ 2B2 hold: it would be interesting to understand the
physical meaning of this fact.
Some interesting consideration follow from the ratios of the previous quantities:
BfNLhhh
B
f2
NL
hhh
=
1
fNL
bg
β2
α0k
2
ǫ2
, (A6)
BfNLhhh
BgNLhhh
=
2
3
fNL
gNL
bg
β2
α0k
2 , (A7)
B
f2
NL
hhh
BgNLhhh
=
2
3
f2NL
gNL
ǫ2. (A8)
6 Note that we replace their notation to make it consistent with ours.
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It is clear from the first ratio that the f2NL term can dominate over the fNL one in the squeezed limit, as pointed out
in [26]. Moreover, the bispectrum distinguishes between BgNLhhh and B
fNL
hhh (second ratio) but, surprisingly, the gNL term
shows the same scaling as the f2NL one.
At this point, all the primordial nG contributions found in [26] have been recovered but new terms come out from
eq.(101). We collect them explicitly here:
B
f3
NL
hhh = f
3
NL∆
2
0bgβ
2
2
(
α(1)
k32k
3
3
+
α(2)
k31k
3
3
+
α(3)
k31k
3
2
)
≃ 4f3NL∆
2
0bgβ
2
2α0
ǫ3
k4
, (A9)
BfNLgNLhhh = fNLgNL∆
2
0bg
α(1)α(2)α(3)
k31k
3
2k
3
3
{
bgβ3
[
k31
(
1
α(2)
+
1
α(3)
)
+ perm.
]
+ β22
[
k31
α(1)
(
1
α(2)
+
1
α(3)
)
+ perm.
]}
≃
≃ 2fNLgNL∆
2
0bgǫ
3
(
2
bgβ3α
2
0
k2
+ 3
β22α0
k4
)
, (A10)
B
g2
NL
hhh = g
2
NL∆
2
0bgβ2β3
(
α(1) + α(2)
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3
2
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3
3
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3
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2
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k4
, (A11)
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NL
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1
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3
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4
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+ 3
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B
fNLg
2
NL
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2
NL∆
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0
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1
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3
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B
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NL
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3
NL∆
2
0β2β
2
3
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1
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3
2
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3
3
+
1
k32k
3
3
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≃ 6g3NL∆
2
0β2β
2
3
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k6
. (A14)
These additional terms appear naturally within our framework and suggest that higher powers of nG parameters
can in principle dominate over the lower ones, extending what Jeong and Komatsu found for the ratio B
f2
NL
hhh/B
fNL
hhh.
All the contributions above are important for the specific features of the halo bispectrum discussed in section VI.
Let us now compare our approach with the one by Baldauf et al in [41]. The easiest way to proceed is to reconsider
our equation (27): by substituting our results for the bias coefficients bi (see eqs (28)-(30)), and using the relation
δL = αΦL, we can schematically write our expression for δh as an expansion
δh = bg δL + β2 fNL ϕL + β3 gNL ϕL + bg fNL δLϕL +
3
2
β2 gNL ϕ
2
L + bg gNL δL ϕ
2
L , (A15)
where to render the expression more compact, we understand the subtraction of the averages contained in (27). This
‘bivariate’ way of re-express our formula for the halo bias makes clear the connection with the bivariate approach of
[32, 41], in which the Lagrangian halo bias is expanded in powers of δL and ϕL:
δh = b10 δL + b01 ϕL +
b20
2
δ2L +
b02
2
ϕ2L + b11 ϕL δL + . . . , (A16)
where the bias coefficient bij is defined as
bij =
1
n¯h
(
∂i+jnh
∂iδL∂jϕL
)∣∣∣∣
δL=0,ϕL=0
. (A17)
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The values we find for the bij coefficients are obtained by comparing eqs. (A15) with (A16)
7:
b10 = bg (A18)
b01 = β2fNL + β3gNL (A19)
b11 = bgfNL (A20)
b02 = 3β2 gNL (A21)
b20 = 0 (A22)
They differ from the ones of [32, 41] for two reasons. The first reason is that, as explained in the main text, in
our approach we decided to perform a Taylor expansion at linear order in δ and on all its correlation functions
in Langrangian space. In this way we consider only non-linear effects induced by primordial nG, and we exclude
non-linearities associated with higher derivatives of the mass function. This approximation is also justified by the
fact that higher derivatives of the mass function along non-Gaussian parameters are under less reliable theoretical
control. The second reason is that we include also the effects of (first) derivatives of the mass function along fNL (that
provide contributions proportional to β3) that are instead neglected in a bivariate approach. Hence, for example, the
coefficient b01 in eq (A19), using our definition of β2, β3 reads
b01 =
2
n¯h
∂ nh
∂ lnσM
fNL +
3
n¯h
∂ nh
∂ fNL
gNL (A23)
While the first term can be associated with the analogous result reported in [32, 41], the second term is absent in their
case. Indeed, the bivariate approach produces the gNL/k
2 dependence in the bias of the halo-halo and halo-matter
power spectra as a contribution from the trispectrum [32]. On the other hand, our expression for b20 is vanishing
because we decided not to consider the second derivatives of nh along δL. For the same reason of not considering
such second derivatives, various contributions in the remaining coefficients bij proportional to f
2
NL, found in [32, 41]
are absent in our formulae.
Appendix B: Inequalities among non-Gaussian parameters
In this appendix we collect some technical results on inequalities among primordial non-Gaussian parameters, that
we use in Section V. The most famous of these inequalities is dubbed Suyama-Yamaguchi inequality, and relates the
collapsed limit of the 4-pt function with the square of the squeezed limit of a 3-pt function of a given fluctuation δ in
Fourier space [60]
lim
q→0
〈δk1δ−k1−qδk2δ−k2+q〉
′ ≥ lim
q→0
〈δk1δ−k1−qδq〉
′2
〈δk1δq〉
(B1)
Using the definitions for τNL and fNL and specializing to the case of primordial curvature fluctuations, this inequality
corresponds to the Suyama-Yamaguchi inequality. It is convenient to simplify the notation, expressing the squeezed
limit of the 3-pt function in (B1) in a synthetic way as 〈δ[δ2]〉, meaning that the momentum q connecting δ and
[δ2] is sent to zero: this notation emphasizes that the long mode δq with q → 0 modulates the 2-pt function [δ
2].
Analogously, the collapsed limit of the 4-pt function can be expressed as 〈[δ2][δ2]〉. With the help of this notation,
inequality (B1) succinctly reads
〈[δ2][δ2]〉 ≥
〈δ[δ2]〉2
〈δδ〉
(B2)
In [62] a simple proof of this inequality has been provided, by inserting a complete set of normalized momentum
eigenstates |n~k〉 ≡ |δk〉/〈δδ〉
1
2 into the quantity 〈[δ2][δ2]〉 of the left hand side of (B2). The zero-momentum, long
wavelength eigenstate provides the square of the squeezed 3pt function in the right hand side, to which one has to
add the additional (positive definite) contributions that lead to the inequality above. In the collapsed limit and single
source case, the additional contributions vanish and one saturates the inequality.
7 Note that in [41] the quantity ν corresponds to our ν2.
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Although less explored in the literature, it is also possible to build further inequalities involving collapsed and
squeezed limits of higher point functions (see for example [33, 61]): the virtue of the method of [62] is that the
proofs of such inequalities can be straightforwardly generalized to those cases. As specific examples, we can write the
following inequalities satisfied by five and six point functions, in appropriate collapsed limits
〈[δ3][δ2]〉 ≥
〈[δ3]δ〉〈[δ2]δ〉
〈δδ〉
(B3)
〈[δ3][δ3]〉 ≥
〈[δ3]δ〉2
〈δδ〉
(B4)
Using the methods of [62], it is relatively straightforward to prove that the inequalities saturate to equalities in
the single source case. These inequalities have been used in Section VA for physically interpreting the notion of
stochastic halo bias applied to power spectra of halos and matter. When considering stochastic halo bias for the
bispectra, Section VB other inequalities are needed, that involve subtler collapsed limits among higher order point
functions. We collect them here
〈[δ2] [δ2] [δ2]〉 ≥
〈δ [δ2] [δ2]〉〈δ [δ2]〉
〈δ δ〉
(B5)
〈δ [δ2] [δ2]〉 ≥
〈δ δ [δ2]〉〈δ [δ2]〉
〈δ δ〉
(B6)
〈δ δ [δ2]〉 ≥
〈δ δ δ〉〈δ [δ2]〉
〈δ δ〉
(B7)
They can be analyzed and proved again with the methods of [62].
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